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A B S T R A C T

A comparative assessment between the maximum circumferential stress criterion and the non-
local stress criterion applied to mixed mode fracture problems in wood is presented. Various
attributes of the two fracture theories, such as the shear stress component acting on the critical
plane, the non-singular term of the crack tip stress field and the angular distribution of the
fracture toughness, are investigated for their impact on the mixed mode fracture behavior of
wood. Predictions of the direction of crack propagation and the fracture locus are validated
against experimental data available in the literature, with emphasis on results obtained from
single edge-notched wood specimens subjected to on-axis biaxial loading and off-axis tensile and
off-axis shear loading.

1. Introduction

Cracks in wood structures are most often subjected to mixed mode loading due to either wood anisotropy or external loading
conditions. Developing an efficient and reliable mixed mode criterion for wood continues to remain a challenge. Such a criterion
should be able to predict both the direction of crack propagation and the critical loads based on the physics laws. Moreover it should
be validated against experimental results for different crack inclinations with respect to the orthotropy axes and for different loading
mode mixities.

The classical way of analyzing crack problems in wood and other orthotropic materials is based on the two main assumptions that
a crack is treated as a zero thickness discontinuity with stress singularities at the crack tips and that the rest of material is a
continuum. Van der Put [1] has proposed for wood a new fracture theory that abandons these assumptions and considers an small
elliptic crack in the isotropic matrix. The author developed a mixed mode fracture criterion in terms of matrix stresses at the
boundary of the crack and proposed a orthotropic-isotropic transformation to apply it for wood. The concept of orthotropic-isotropic
transformation has been adopted by Fakoor’s group [2–4] as the starting point to develop a new formulation for the strain energy
release rate criterion based on the fracture properties of the isotropic matrix. Because the applicability of van der Put’s theory for long
cracks crossing the reinforcement is considered to be controversial, the classical approach is still commonly used.

The main focus of the classical approach is to extend the isotropic fracture criteria into orthotropic materials. Fracture criteria in
the form used for isotropic materials are inadequate to predict the crack propagation direction for orthotropic materials. For example,
the maximum circumferential stress theory proposed by Erdogan and Sih [5] as well as the non-local stress theory formulated by
Seweryn and Mroz [6] predict that a crack located along the reinforcement direction under pure mode I loading propagates in the
direction approximately 50° away from the original crack plane, which is inconsistent with experimental observations. This
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inconsistency can be fixed, in two different ways, by taking the anisotropy of the fracture toughness into account or by abandoning
the maximization of some failure functions. The first method, developed by Buczek and Herakovich [7] and Saouma et al. [8], has
become a standard technique for fracture analyses of fiber reinforced composites [9–14]. The latter method, motivated by ob-
servations of cracking in fiber reinforced composites, is based on a concept of weak planes parallel to the reinforcement direction
[15–18]. The use of the latter method, in practice, means that the crack propagation angle is found empirically. Parallel to the
theoretical studies, a number of empirical studies have attempted to establish formulae for mixed mode crack problems in wood
[19–21].

The objective of this paper is to show that it is possible to predict both the direction of crack propagation and the critical loads in
wood by using the non-local stress fracture criterion accounting for the anisotropy of the fracture toughness. In particular, the utility
of the new approach for solving crack problems in wood and its advantages and disadvantages in comparison with the maximum
circumferential stress theory are discussed. To date, only the simplified version of the non-local stress fracture criterion, which does
not require the maximization, has been presented by Romanowicz and Seweryn [16].

2. Orthotropic fracture criteria

Consider a two-dimensional linear elastic fracture problem of orthotropic body with a crack. The most general case of crack
configuration, when a crack axis does not coincide with an axis of orthotropy, is shown in Fig. 1. The stress components in a polar
coordinate system originated at the crack tip are related to the stress components in a rectangular coordinate system as follows

= +sin cos 2 sin cosx y xy
2 2 (1)

= + +sin cos sin cos (cos sin )r x y xy
2 2 (2)

The asymptotic stress fields in the vicinity of the crack tip in a orthotropic material are given in Appendix. The stress singularity
close to the crack tip is described by the opening and sliding mode stress intensity factors, i.e. KI, KII.

The maximum circumferential stress fracture criterion, formulated by Erdogan and Sih [5], states that crack propagation takes
place when the circumferential tensile stress at some distance from the crack tip rc reaches the critical value c

=max 1
c (3)

Fig. 1. Specimen geometries used in the analysis (dimensions in mm).
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This theory assumes that a crack propagates in the direction θc where the circumferential tensile stress is maximum. The authors
suggested that the critical value c can be determined by using the Griffith-Irwin fracture criterion, =K KI Ic for the opening crack
mode. Substituting circumferential stress (1) into (3) and assuming θc= 0°, the Griffith-Irwin condition is equivalent to

= K
r2 c

c
Ic

(4)

where KIc is the mode I fracture toughness. Using the Eqs. (1), (3) and (4), the fracture criterion of a orthotropic material can be
written for mixed fracture mode problems in the linear form

+ + =b r T b K b K K2 c0 1 I 2 II Ic (5)

where T denotes the non-singular term of the crack tip stress field and coefficients b0, b1 and b2 depend on material properties and
crack inclination with respect to the orthotropy axes.

Note that the maximum circumferential stress fracture theory neglects the effect of shear stress on material decohesion. To assess
this effect, the non-local stress fracture theory proposed by Seweryn and Mroz [6] is used in this work. This approach states that crack
propagation occurs when the function R ( , )r of normal and shear stresses acting on a physical plane averaged over a length of
damage zone d reaches the maximum value

=
d

R drmax 1 ( , ) 1
d

r0 (6)

Thus, the crack propagation angle θc is found by maximization of the function R ( , )r . The authors suggested that the length d
can be determined by using the Griffith-Irwin fracture criterion, =K KI Ic for the opening crack mode. Substituting circumferential
stress (1) into (6) and assuming θc= 0°, it is possible to compute the length of damage zone

=d K2 Ic

c

2

(7)

For a material with growing microcracks, Seweryn et al. [22,23] proposed the following damage model

= +R c( , )r
r

c

2

c

2

(8)

where c is the tensile strength, c represents the ratio of the extensional and sliding compliance of a body weakened by microcracks.
Lacking experimental data for c, it can be taken equal to the ratio of the critical values of stress intensity factors for the opening and
sliding fracture modes

=c K
K

Ic

IIc

2

(9)

However, the use of T-stress in the elliptical condition (8) makes it cumbersome to manipulate. Thus, only singular stress terms
are considered in the non-local stress fracture theory. Using the equations (1), (2) and (6)–(9), the non-local stress fracture criterion
for a orthotropic material can be expressed in terms of stress intensity factors as

+ + =K K K K K( ) ( ) ( )11 I
2

12 I II 22 II
2

Ic
2 (10)

where coefficients 11, 12 and 22 depend on material properties and crack inclination with respect to the orthotropy axes. They satisfy
the inequality <( ) 4 012

2
11 22 . Thus, neglecting the T-stress, the relation obtained from the non-local stress fracture criterion for

mixed fracture mode problems is a rotated ellipse that is located in the center of the KI, KII system. It should be noted that the
elliptical criterion (10) predicts two possible solutions in the system of stress intensity factors.

For orthotropic materials, fracture criteria in the form (5) and (10) fail to predict the crack propagation angle θc accurately. In
order to overcome this limitation, two approaches are used in this work. The first method, proposed by Jernkvist [15] and Roma-
nowicz and Seweryn [16], postulates a concept of weak planes parallel to the reinforcement direction. Thus, the crack propagation
angle in orthotropic materials is given a priori by the reinforcement direction.

= °or 180c (11)

and there is no need to compute the maxima of functions (3) and (6). In this approach, KIc means the mode I fracture toughness for a
crack located along the reinforcement direction. The second method, proposed by Buczek and Herakovich [7] and Saouma et al. [8]
introduces a modification to criteria (3) and (6) by replacing a fixed KIc with a value KIc

( ) which represents the fracture toughness on
the θ plane.
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= +K K Kcos sinIc
( )

Ic
(2) 2

Ic
(1) 2 (12)

where KIc
(1) and KIc

(2) are the mode I fracture toughness along the 1 and 2 orthotropy axes, respectively. Note that KIc
(1) refers to a crack

oriented across the reinforcement direction wheras KIc
(2) corresponds to a crack oriented along the reinforcement direction. In the case

of cracks inclined to the 1 axis by an angle α, the angular variation of the fracture toughness is given by

= +K K Kcos ( ) sin ( )Ic
( )

Ic
(2) 2

Ic
(1) 2 (13)

Lacking experimental data for KIc
(1) , the authors suggested that the ratio of the fracture toughness along the 1 and 2 orthotropy

axes can be considered equal to the ratio of the corresponding elastic moduli

=K
K

E
E

Ic
(1)

Ic
(2)

1

2 (14)

Substituting (14) into (13), KIc
( ) can be expressed as

= +K K E
E

cos ( ) sin ( )Ic
( )

Ic
(2) 2 1

2

2
(15)

or if the missing value is KIc
(2)

= +K K E
E

cos ( ) sin ( )Ic
( )

Ic
(1) 2

1

2 2
(16)

It should be noted that Eqs. (15) and (16) produce the same locations of the maxima of functions (3) and (6).

3. Evaluation of the stress intensity factors and T-stress

In order to verify the accuracy of the orthotropic fracture theories, theoretical predictions are compared with experimental results
of mixed mode fracture of pine wood (Pinus silvestis) in the LR orthotropy plane reported by Romanowicz and Seweryn [16]. The
authors performed three types of fracture tests on single edge-notched specimens. For the first test problem, the reinforcement
direction coincided with the crack axis and the specimens were subjected to various combinations of tensile and shear loading. The
loading combinations were defined by seven loading angles χ=0°, 15°, 30°, 45°, 60°, 75° and 90°. The shear and tensile components
of the load F are calculated as follows

= =F F F Fsin , cosx y (17)

For the next two test problems, the reinforcement direction was rotated by an angle α with respect to the crack axis and the
specimens were subjected to tensile and shear loading, separately. The material orientation were defined by five rotation angles
α=0°, 22.5°, 45°, 67.5° and 90°. They used two types of single edge-notched specimens, namely, consisted of one piece of wood if
tensile loading was applied and glued from three pieces of wood if shear loading occurred. Material properties of wood and specimen
geometries used in the fracture analysis are shown in Table 1 and Fig. 1. Two-dimensional finite element models of the specimens
under a plane stress condition were generated. The crack tip region was meshed with the singular quarter point elements with length
equal to a / 77. Using ANSYS finite element code and displacement extrapolation method, stress intensity factors and T-stress were
evaluated. Details of the method are given in Appendix. Figs. 2 and 3 show the results of computations for different α. Variations of
the stress intensity factors and T-stress are normalized by the tensile Fy and shear Fx forces acting at the top and bottom of the
specimen. It is interesting to note that the stress intensity factors are positive and T-stress negative for crack inclinations used in the
experiments. The fracture toughness and real value of T-stress can be estimated by scaling the normalized values linearly with the
failure load of specimen presented in Ref. [16]. In order to describe the contribution of non-singular stress, the T-stress values are
converted to a non-dimensional form by using the relation proposed by Leevers and Radon [24]

=
+

B T a
K KI II

2 2 (18)

The values of the biaxial parameter B for different material orientations α and two loading modes are shown in Table 2.

Table 1
Material parameters used in the analysis.

E1 (GPa) E2 (GPa) G12 (GPa) 12 c
(2) (MPa) KIc

(2) (MPam0.5) KIIc
(2) (MPam0.5) KIc

(1) (MPam0.5)

15.05 1.18 0.99 0.44 3.76 0.55 1.52 3.17
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4. Results

4.1. Prediction of the direction of crack propagation

The deviation of theoretical values of the crack propagation angle θc from experimental values serves as a measure of the
correctness of orthotropic fracture criteria. Cracks in highly orthotropic materials such as wood are constrained to propagate along
the wood fibers regardless of their original orientation and loading mode mixity because the toughness parallel to fibers KIc

(2) is
relative low in comparison to that perpendicular to fibers KIc

(1) . This means that there are two possible crack growth directions (α or
α - 180°). Experimental evidences indicate that only cracks oriented across the reinforcement direction can split into the two bran-
ches.

In order to calculate the direction of crack propagation, the fracture criteria (3) and (6) are normalized by the angular distribution
of fracture toughness (13). The critical lengths rc and d are determined from Eqs. (4) and (7). Variations of the normalized cir-
cumferential stress with and without the T-stress term and the normalized non-local stress function R around the crack tip of the
specimen are shown in Fig. 4a and 4b for tensile and shear loading, respectively. It can be seen from these figures that locations of the
maxima of functions and R representing θc vary with material orientation α. It should be noted that the stress curve R for α=90°
is symmetrical for both tensile and shear loading, whereas the stress curve for α=90° is symmetrical only for tensile loading.
Thus, the non-local stress fracture theory predicts that cracks oriented across the reinforcement direction α=90° propagates either
upwards or downwards for both loading modes, whereas the maximum circumferential stress theory with and without T-stress
reproduces this behavior only for tensile loading. For other material orientations, the three approaches calculate one value for θc.

Fig. 5a and b show a comparison between the crack growth directions computed analytically from the fracture theories and those
measured from tests for different material orientations α and two loading modes. In general, theoretical predictions of the direction of

Fig. 2. Variations of the normalized stress intensity factors for: (a) single edge cracked plate under off-axis tensile loading; (b) single edge cracked
plate under off-axis shear loading.
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crack propagation follow the trend of experimental results. However, the estimation accuracy depends on the material orientation
and loading mode. It can be seen from Fig. 5a and b that calculations under tensile loading are in better agreement with mea-
surements for α smaller than 45° whereas predictions under shear loading show better agreement for α larger than 45°. The dif-
ferences between predictions and experimental data can be explained by the presence of T-stress and shear stress on the critical plane.

Comparing different fracture theories without T-stress, it can be seen that accounting for shear stress in the fracture criterion
significantly improves prediction in the case of cracks oriented along the reinforcement direction α=0° under shear loading. This
finding is understandable because fracture mechanism in this case has to be related to shear stress. For other material orientations,
the two fracture theories give similar results.

Comparing the same fracture theory with and without T-stress, it can be seen on the one hand, that accounting for T-stress
improves prediction of the crack propagation direction in the specimen with material angle α= 22.5° under shear loading, and on the
other hand that, it leads to less accurate predictions under tensile loading for α larger than 45°. This is because the computations

Fig. 3. Variations of the normalized T-stress for: (a) single edge cracked plate under off-axis tensile loading; (b) single edge cracked plate under off-
axis shear loading.

Table 2
Values of the biaxial parameter B.

Tensile loading (χ = 0°)
α 0° 22.5° 45° 67.5° 90°
B −3.09 −0.86 −0.50 −0.30 −0.34

Shear loading (χ = 90°)
α 0° 22.5° 45° 67.5° 90°
B 0 −1.53 −0.62 −0.34 0
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under tensile loading involving T-stress are affected by the critical length rc. Fig. 6a and 6b show that an increase in the length rc
greatly decreases the crack propagation angle under tensile loading for α larger than 45° and there is no significant effect on the
direction of crack propagation under shear loading. This finding suggests that the T-stress effect may play a role in explaining the
shear fracture tests in which the crack axis does not coincide with the reinforcement direction.

Summarizing, it can be concluded that the crack propagation direction can be determined with reasonably accuracy by taking into
account the anisotropy of fracture toughness and the effects of T-stress and shear stress on material decohesion.

4.2. Prediction of the fracture locus

For mixed mode problems, the fracture locus in the space of stress intensity factors defines the onset of crack growth. For
orthotropic materials, the crack stability depends not only on the loading mode mixity, but also on the material orientation. The
fracture loci of wood calculated from the two fracture theories are now compared with experimental results obtained from tests on
the single edge-notched specimens with different material and loading angles.

The relations between critical values of the stress intensity factors predicted from the maximum circumferential stress theory with
and without T-stress are presented in Fig. 7a–c. Theoretical results shown in these figures are computed from linear conditions (5). It
can be seen from these figures that the angular distributions of fracture toughness in the form (15) and (16) lead to different fracture
predictions for the same fracture problem. Thus, solutions using the mode I fracture toughness along the 1 orthotropy axis KIc

(1) and
using that along the 2 orthotropy axis KIc

(2) provide the lower and upper bounds for the fracture loci. The averaged fracture loci
obtained from these bounds are shown in Fig. 7a–c. It is interesting to note that the averaged predictions lie closer the experimental
data than the lower and upper bounds for each test problem. The inconsistency between the both bounds observed in Fig. 7b for
α=90° may be explained in this way. Under tensile loading, the lower bound crosses the value KIc

(2) for α=0° because the calculated

Fig. 4. Variations of the normalized circumferential stress with and without the T-stress term and the normalized non-local stress function around
the crack tip for: (a) single edge cracked plate under off-axis tensile loading; (b) single edge cracked plate under off-axis shear loading.
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crack growth angle is the same as that measured in tests θc= 0°, whereas the upper bound does not cross the value KIc
(1) for α=90°

because in this case the calculated crack growth angle differs from the measured value θc= 90°.
Comparing the fracture loci with and without T-stress, it can be seen that including T-stress overpredicts the measurements for the

specimen with material angle α= 22.5° under shear loading and those for α= 90° under tensile loading. For other orientation
angles, the criterion with T-stress predicts slightly better than that without T-stress. However, the differences between the fracture
loci with and without T-stress are less than the differences between the lower and upper bounds. This finding suggests that the
anisotropy of fracture toughness has a stronger effect on material decohesion than T-stress, except for the two cases mentioned above.
As expected, including T-stress has no influence on the fracture locus in the case of cracks oriented along the reinforcement direction
(Fig. 7a). This is because for α=0°, either the value of T-stress is zero (under pure sliding fracture mode) or the value of θc is zero
(under pure opening fracture mode). In this case, θc= 0° means that a term Tsin2 occurring in the fracture criterion disappears.

The relations between critical values of the stress intensity factors obtained from the non-local stress fracture theory for different
material configurations and loading modes are presented in Fig. 8a–c together with the averaged loci from the maximum cir-
cumferential stress theory without T-stress. The non-local stress predictions are computed from elliptical conditions (10). Graphically,
the solutions lie on rotated ellipses below the major axes for tensile loading whereas for shear loading, they are placed above the
major axes. Rotations of ellipses (10) were discussed in detail in Ref. [16] and will not be repeated here. For normalization purpose,
the angular distribution of fracture toughness related to KIc

(2) is only used in the non-local stress fracture theory. This is because the
solutions for critical stress intensity factors obtained by using KIc

(1) are complex numbers. Comparing the fracture loci obtained from
the two theories with experimental data, it can be seen that the non-local stress fracture criterion correlates better with measurements
than the averaged circumferential stress criterion for each test problem. Fig. 8a–c show that the nonlocal stress predictions give the
exact values of KIc

(2) and KIIc
(2) , whereas the maximum circumferential stress predictions averaged from the two bounds do not.

Fig. 5. Comparison of the crack propagation angles obtained from two versions of the maximum circumferential stress criterion with and without T-
stress and the non-local stress fracture criterion with experimental data [16] for: (a) single edge cracked plate under off-axis tensile loading; (b)
single edge cracked plate under off-axis shear loading.
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Comparing among different test problems, it can be observed that the non-local stress predictions for specimens with cracks inclined
to the reinforcement direction under shear loading (Fig. 8c) are less accurate than those under tensile loading (Fig. 8b) and those for
specimens with cracks oriented along the reinforcement direction (Fig. 8a). This finding can be attributed to the fact that the shear
fracture tests in which the crack axis does not coincide with the reinforcement direction are more affected by T-stress than other types
of fracture tests (see Table 2).

Fig. 8a–c show also a comparison between the fracture loci obtained from the non-local stress fracture theory using strict and
simplified approaches for determining the crack propagation angle θc. The first presented above takes the angular variation of the
fracture toughness into account (15) and the second reported in Ref. [16] assumes that the crack propagation angles are known a
priori (11). As expected, the latter approach calculates the onset of crack growth closer to experimental data obtained from tests in
which the crack axis does not coincide with the reinforcement direction for both tensile and shear loading. It is interesting to note that
both approaches give the same results in the case of fracture tests in which the crack axis and the reinforcement direction coincide
(Fig. 8a) because they predict in this case the same values of the crack propagation angle. The differences between the strict and
simplified fracture loci can be regarded as errors in the approximation of the angular distributions of fracture toughness. Because the
strict approach is based on the angular distribution related to KIc

(2) , it is understandable that the maximum error of approximation
occurs under tensile loading for α= 90°.

5. Conclusions

A comparative study between the maximum circumferential stress and non-local stress theories is presented in this paper to assess
the range of validity of the two fracture criteria for predicting the crack propagation direction and critical load in orthotropic
materials. The predictions from the two fracture theories are compared with experimental results available in the literature on mixed
mode fracture of wood.

Fig. 6. Influence of different critical lengths rc on the crack propagation angle predicted from the maximum circumferential stress criterion for: (a)
single edge cracked plate under off-axis tensile loading; (b) single edge cracked plate under off-axis shear loading.
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A version of the maximum circumferential stress criterion based on the simplified angular distribution of fracture toughness
related only to the mode I fracture toughness for a crack located along the reinforcement direction, which is commonly found in the
literature, underpredicts the fracture loci of wood. The prediction accuracy improves when both mode I fracture toughnesses for
cracks located along and across the reinforcement direction are incorporated into this fracture model. It was demonstrated that the
mode I fracture toughnesses used separately provide the lower and upper bounds for the fracture loci.

The main drawback of the maximum circumferential stress theory is that it predicts non-collinear crack growth under pure sliding
fracture mode in the case of cracks oriented along the reinforcement direction. As a result of this, this fracture theory fails to predict
correctly the fracture loci of wood. However, due to the simplicity of this approach, it can be easily extended to include the T-stress
effect. The results of this investigation show that including T-stress into the maximum circumferential stress criterion improves
predictions of the crack propagation direction under shear loading when high values of T-stress occur but it is not sufficient to
guarantee the consistency of the predicted critical loads with measurements.

Although the non-local stress fracture criterion is not suitable for modeling the T-stress effect, it reproduces collinear crack growth
for cracks oriented along the reinforcement direction under both tensile and shear loading. It was demonstrated that the fracture loci
obtained from the elliptical criterion for different mixed mode problems agree better with measurements than that predicted from the
maximum circumferential stress theory. Taking the above into account, it can be concluded that the fracture process in wood is
influenced by shear stress acting on the critical plane and that the shear stress component should not be neglected in the fracture
model. The results of this study show that the simplified theory based on a concept of weak planes parallel to the reinforcement
direction can be an alternative to the strict non-local stress theory including the anisotropy of fracture toughness, however it is not
capable of explaining the entire fracture behavior.

Fig. 7. Comparison of the fracture loci obtained from different versions of the maximum circumferential stress criterion with experimental data [16]
for: (a) single edge cracked plate under on-axis biaxial loading; (b) single edge cracked plate under off-axis tensile loading; (c) single edge cracked
plate under off-axis shear loading.
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Appendix A. Asymptotic stress fields in the vicinity of the crack tip in a orthotropic material

Sih et al. [25] obtained the following expressions for the stress fields in the vicinity of the crack tip in a orthotropic material

= + +K
r

F µ µ K
r

F µ µ T
2

( , , )
2

( , , )x x x
I

I 1 2
II

II 1 2 (A1)

= +K
r

F µ µ K
r

F µ µ
2

( , , )
2

( , , )y y y
I

I 1 2
II

II 1 2 (A2)

= +K
r

F µ µ K
r

F µ µ
2

( , , )
2

( , , )xy xy xy
I

I 1 2
II

II 1 2 (A3)

where r, θ are polar coordinates originating from the crack tip in the xy plane, KI, KII are the stress intensity factors, T is the non-
singular term (T-stress) which acts parallel to a crack. Functions F µ µ F µ µ( , , ) ( , , )x xyI 1 2 II 1 2 are given by**

=
+ +

F µ µ
µ µ

µ µ
µ

µ
µ

µ
( , , ) Re

cos sin cos sinxI 1 2
1 2

1 2

2

2

1

1 (A4)

=
+ +

F µ µ
µ µ

µ
µ

µ
µ

( , , ) Re 1
cos sin cos sinyI 1 2

1 2

1

2

2

1 (A5)

Fig. 8. Comparison of the fracture loci obtained from the strict and simplified versions of the non-local stress fracture criterion and the maximum
circumferential stress criterion averaged from the lower and upper bounds with experimental data [16] for: (a) single edge cracked plate under on-
axis biaxial loading; (b) single edge cracked plate under off-axis tensile loading; (c) single edge cracked plate under off-axis shear loading.
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where μ1, μ2 are roots of the characteristic equation [26]

+ + + =a µ a µ a a µ a µ a2 (2 ) 2 011
4
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3

12 66
2

26 22 (A10)

with positive imaginary part and a11…a22 are elements of the compliance matrix which relate stress to strain in the xy coordinate
system according to the generalized Hooke’s law

=
a a a
a a a
a a a

x
y

xy

x
y

xy

11 12 16
12 22 26
16 26 66 (A11)

Appendix B. Displacement extrapolation method

Saouma and Sikiotis [27] and Boone et al. [28] presented displacement extrapolation method for calculating the stress intensity
factors in a orthotropic material in which they assumed correlation between the displacements in singular quarter point elements and
the theoretical values. Recently, this technique was also used to evaluate T-stress in a orthotropic material by Sladek et al. [29] and
Tran and Mear [30]. Following Sih et al. [25], analytical displacement fields in the vicinity of the crack tip are given by

= + +u r K F µ µ r K F µ µ a Tr2 ( , , ) 2 ( , , ) cosu uI I 1 2 II II 1 2 11 (B1)

= + +v r K F µ µ r K F µ µ a Tr2 ( , , ) 2 ( , , ) sinv vI I 1 2 II II 1 2 12 (B2)

Functions F µ µ F µ µ( , , ) ( , , )u vI 1 2 II 1 2 are defined as follows

= + +F µ µ
µ µ

µ p µ µ p µ( , , ) Re 1 ( cos sin cos sin )uI 1 2
1 2

1 2 2 2 1 1
(B3)

= + +F µ µ
µ µ

p µ p µ( , , ) Re 1 ( cos sin cos sin )uII 1 2
1 2

2 2 1 1
(B4)

= + +F µ µ
µ µ

µ q µ µ q µ( , , ) Re 1 ( cos sin cos sin )vI 1 2
1 2

1 2 2 2 1 1
(B5)

= + +F µ µ
µ µ

q µ q µ( , , ) Re 1 ( cos sin cos sin )vII 1 2
1 2

2 2 1 1
(B6)

where

= + = +p a µ a a µ p a µ a a µ( ) , ( )1 11 1
2

12 16 1 2 11 2
2

12 16 2 (B7)

= + = +q a µ a
µ

a q a µ a
µ

a,1 12 1
22

1
26 2 12 2

22

2
26

(B8)

Using equations (B1)–(B8), the relative difference of the crack face displacements is derived in the matrix notation as follows

= + =
= + =

= = ± = ±
= ± = ±

u u
v v

r F F
F F

K
K

( ) ( )
( ) ( )

2 2 ( ) ( )
( ) ( )

u u

v v

I II

I II

I

II (B9)

and the sum of the crack-face displacements is expressed as
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= + + =
= + + =

= { }u u
v v

a Tr( ) ( )
( ) ( )

2
0
11

(B10)

Using singular quarter point elements, the crack face displacements are approximated by

= + = + + + +u u u u u r u u u r( ) ( 3 4 )
L

2( 2 )
L1 1 2 3 1 2 3 (B11)

= = + + + +u u u u u r u u u r( ) ( 3 4 )
L

2( 2 )
L1 1 4 5 1 4 5 (B12)

= + = + + + +v v v v v r v v v r( ) ( 3 4 )
L

2( 2 )
L1 1 2 3 1 2 3 (B13)

= = + + + +v v v v v r v v v r( ) ( 3 4 )
L

2( 2 )
L1 1 4 5 1 4 5 (B14)

where u1, v1 are values of the node displacements at the crack tip in the x and y directions, respectively, u2, v2 and u4, v4 are values of
the quarter node displacements, u3, v3 and u5, v5 are values of the node displacements at the distance L from the crack tip.
Substituting equations (B11)–(B14) into Eqs. (B9) and (B10) and equating the terms with identical powers of r leads to the following
expressions for the stress intensity factors

= = ± = ±
= ± = ±

K
K

F F
F F

u u u u
v v v v

1
2 2L

( ) ( )
( ) ( )

4( ) ( )
4( ) ( )

u u

v v

I

II

I II

I II

1
6 4 3 5

6 4 3 5 (B15)

and T-stress

= + + +T u u u u u u
a

2( 2 ) 2( 2 )
2 L

1 2 3 1 4 5

11 (B16)

In order to verify the accuracy of the method, the problem an inclined center crack of length 2a located in an infinite orthotropic
plate subjected to far-field constant traction σ was considered. For this crack problem, there are analytical solutions for stress
intensity factors [25] and T-stress [31]. The material properties and plate geometries employed here are the same as those used by
Kim and Paulino [32] for calculating T-stress by means of the interaction integral. Table 3 shows that the estimates obtained for a/
L= 30 from the displacement extrapolation method are in good agreement with the benchmark solutions.
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